
1) Canwrite ✗Is,v) = G- vsins.sn#vcoss, v)
Notice that

G) -vsinsI-lsinD-vcsssp-P-cssfs-2vusssinls-vsn.is -15in>⑤+2hrs1)suits)
+Rusts) i v2

= It v2-V2 = 1

So XISN ) is part of the hyperboloid ✗45-2-2--1 .

✗ is asurjectivemap onthehyperboloid : let lay it) satisfy
✗41 -É=I . Then take v=z ⇒ x4y2 = 1+2-2=1-1v2 .
Rewriting in polar coordinates, me there 4-FEW

y=FÑ suit for some f.
usG) -using =FÑusf 4)

{ suits) +vas G) = THEsuit L2J

✓ = Z

By considering 4) sink) -Hessle) and (1) costs) -1 (2)sink) ,
the above system ofequations can besolved by setting

V=Z

snitd-H-Y.TK for some sore⑤ 2k] which exists .
bstd-s.t-T.ru

Then ✗Hv) = lay> e) on Hyperboloid. So ✗ is surjective .

✗ is not injective since ✗lay = ( Iis v) = ✗(2-4)
.

However ifyou exclude one of the end-points 0,24 ,then ✗ is injective



✗is full rank on as<24 since i

E- f-sins) -vcosts) , costs)- win6) , D)
✗✓ = f-sins , costs) , 1)
✗
s
✗✗

✓
= (asG)tons) , vast ) 1-Smits) , -N)

IX.s ✗ ✗v1 = lasts)wsñÑ+(vast) +suits)↑+tv5
= S4D-2USin6) us6) +Psni%)
+ v2us%) 42Vols)sinG) + suits) + v2

= I +v4us%)+sin4s)) +v2
= It2v2≥ I > 0

.



2) 9% So let xlulseaaunegminby
y-aesshx.NU)=lmushu)

thenreoohnigarandthex.ae/is
ignoring

Muir)=lu,aµusv,Nu)sinv)
=/u, www.sywshussmv)

UERI, 04h24 .

Kill >sinhuissysnihusnhfxv-fg-ssshusniy-coshucs.su)
I :<Xu ,Xu> =/ +

sinffu-csshh.F-c.lu/Xv7-u0G=CXv,Xp=tssh2u
.



3) •

Clearly ✗is smooth .
• Check linear independencein the columns ofDX :

hi ( I- v2+ v2, Luv, 2h)
Xv = Guv, I- v4it, - 2v) Alternatively, canalso onside

D= aKutb Xv and show a,b mustbe 0 .

✗u ✗Xv = (-2k-2ns -2kV 2
, 2N +2kV c-ZV3 , In U4-2UH -V4)

= [Zu /HUHv9 , 2v(HU4H , I- lukv42)
/✗nx ✗v12 = flu-Zvi -2W↑ + (2vt2uv -1212 +4-v4 -zip -v4) '

= (HUHv44 ≥ (1+0-10)4 = I > 0 .

So Xu
,
Xv are linearly independent and DX has full rank .

• Check homeomorphismwithe domain { it+v43} .
Suppose for contradiction thatthink ≠ third s 't'

[

Hunk) = ✗(this) . Then wehere that

a) 4 -¥ +uni = U
≥
-¥- +↳vi. end

A) up _vi. - ni-vi.

4) ⇔ 0=4-4-34? -u?) insistuni
= him

- 13th- ni) (within +up) +wi -hit
=him - § the-4) lui +ninthf) + term) vit Hui -vit
= him -} lui- 4) flit uzuituF) + the-up v22 + ↳ lui -UF1 ← by ②
= Him) ( I-3 (uiruvueuit +view lawum



since we are supposing with , we must tune
0=1 - Is lui +uzui-iui-v-uil.int4)
≥ I - tsui +¥uni -542
= It 3 (u }+2mW - Just + But
= 1+3*5 - 2-zui-i-s.lu
≥ I - }ui +But
= I + tsui -ni) - Tsui
≤ It E. lui -vi) -Bui
= I -3 lui-wi) +¥7
≥ 1- 3lui-wi) > 0 by with <3 .

A contradiction suia the conclusionhere is 0 > 0 .

Hence ✗ is injective inthe domain { litv2<3} . ✗ is continuous

and ✗ is sieejeetie onto its image . So X
"
exists locally . Furthermore

,

since DX is nonsingular by InverseAuctionTheorem X
- ' is smooth

5s homeomorphism condition is satisfied . takenatiiy.comalso
check ✗ is an openso ✗ is a regularsurfacepatch maps .

• Consider ✗¢53,0)) = (B -¥ ,
0
, 3) = to ,3)



✗ (ffs
,D) = GB1-3IJ

,

0
, 3) = to, 3) .

So ftp.tfso) aretwo such points .
• Recall
hi ( I- v2+ v2, Luv, 2h)
Xu = Guv, I- v4it, -2v)

✗
u
✗ Xv = (-24HU4R)

, 2ktWw2) , I-1h442)
I✗u "✗v1 = (HU4H?

son = ✗
= I

. :* , %
.

IK×Xvt



4) §
2-
•
N - Woo , 1)

-

p

g-
let Luv) ERR, P bethe

line connecting few) b- N
-

- tion) .

/ Note: wearepupating onto the E-0/ and plane,sohu.vthasesords.MN/uN,o).x-utPaumetriz-ePbg(also okay if you
P4T-0SO,☐ + -4mV

,

- 1) projectedonto
sothatat E- 1

, PG) - lung .

2-= -1 planet .
Solve fort sit. PE4 lies on the sphere § .

at $2
, IP1-4KI , ie.

*2-1-45 +4--42--1
t.tt +the -14-2-4-12=11 ⇒ 2=-41-1*4 .

⇒ ⇐ ÉÉ
.

So if ⇐ III. then 1,1T¥ ,%⇒i¥É) c- $ by
construction

.

sohu.us -1Eur,¥u⇒i¥E÷v)
.

You can cheek thatthe 3 conditions forangular surface aresatisfiedby
×

.

xi.li?:::-..i.i.::-:-*+::-utixu--ii.-::*i:::i:-I
. ,÷⇒

⇐** =L H¥⇒F
=4i)*(t2u4WÑ+t4uv)44uT)



= (µ¥µfµ4u& + 8uHt8ñ -14v2 +844)
= µ:⇒

.

F- <Xu
,
Xp = (µ÷)

"

/-4W f2u¥2v42) - 4uvKñ-29+4+16uv)

=/µu⇒"(www.s#-HH-HtiouH
= 0 .

G = Hu ,XP = (-1%2)%-4up+Gu?-4425+4412)
=

, %



5) ✗u = fsnivsmu , sinvessel, °)

✗✓ = (essvissu, essvsniu, -sinv)

[ = s Xu
,
Xu> -tsinvsmuf-lsinvcssup-snivsnfu-sn.in

↳she
= siuv

.

F= (Xu,Xp = -smvsniucssvcssu-sinvusucssv.mn = 0

G-_ < Xu, Xp = lcssvcssu)4(cousinup + [ sinv12
= us

>
rush tcsswsniu-sn.ir

= US2V(assist Shifu) + swine
= topv+im4 = 1 .

✗G) = knit usuo
,
sintsnino

,
cost) Utb -Ho , vtkt last≤b)

¥ :O, If= 1 .

t.la) = sinv. 0420.0 . It I. F)"It -[de - b- a .

Smie this is thedistance ofa straight line between ten points ,

tip) --ftp.c-alett-STEE-vceidt ≥[titillate
a

≥↓vGDdt ⇒(b) - ka) =b-a = that .

since you can show u (a)=a
,
v6)=b .



6) Torus parametrized by
✗↳v) = ( (atross a) cssu , latrissusmv , rain) 0<UN<2-4

Xu = frcosvsinu-rsinvsr.nu, rcssu)
✗
✓
= flatressu) Shiv> (atrcssuissv

,
0)

F- = (✗µXD =trcssvsmuY-trsmvsinuf-rcssuj-rtsswsniu-r2sn.irswim -1PUSH
=P /sniu (WrtSmiler) + WS2H
= f2

f-= <Xu
,XD = 0

G-- Hu
,
XD =

tla-rususmvp-ka-rrasucssvf-latruswfsniv-l.at
rossup cos≥V

= tatrasup
so FÉÉ = FELT = rlressuta) .

AIR)=/
"

rkssutradvdn-flressu-rasduf.EU
O o o o

=2-ufffressu-iradui.LI/r2sinu+rau)II=4Tira


